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ISOMONODROMIC DEFORMATION OF g-DIFFERENCE EQUATIONS 

AND CONFLUENCE 

THOMAS DREYFUS 


Abstract. We study isomonodromic deformation of Fuchsian linear g-difference sys¬ 
tems. Furthermore, we are looking of the behaviour of the Birkhoff connexion matrix 
when q goes to 1. We use our results to study the convergence of the Birkhoff connexion 
matrix that appears in the definition of the g-analogue of the sixth Painleve equation. 
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Introduction 

The study of isomonodromic deformation and Painleve equations in the framework 
g-difference equations have obtained many contributions. See IBorOdl lGNP+94[ IKKn31 
lKMN+n4[ I^RGOOll IP^GR92l IRGH911 ISakOll ISanOb] . In , Jimbo and Sakai have 

introduced a g-analogue of Painleve sixth equation. Analogously to what happens in the 
differential case, the equation appears after considering an isomonodromic deformation of 
a g-difference equation. More precisely, let g G C* with |g| > 1, and let us define the 
g-difference operator cr^, 

A g-difference equation may be seen as a discretization of a differential equation, since 
converges to the derivation z-^ when g goes to 1. This leads Jimbo and Sakai to 
consider a g-deformation of the differential equation that is relevant for the sixth Painleve 
equation: 

(1) = {z- l){z - t){l + (g“^ - l)zA{z,t))Y{z,t) = A{z,t)Y{z,t), 

where A{z,t) Ao,Ai^At are 2x2 complex matrices, t denotes a 

parameter that belongs to U, an open connected subset of C* stable under Ug, and I denotes 
the identity matrix. Then, under convenient assumptions, Jimbo and Sakai construct 
invertible matrix solutions, Yo,Yoo, at z = 0 and z = oo of Q and consider the Birkhoff 
connexion matrix P{z,t) ■= Y^^^{z,t)Yo{z,t), which play a role that is analogous to that 
of the monodromy matrices for differential equations. Then, the authors of |JS96] find a 
necessary and sufficient condition so that the matrix P is pseudo constant, that is for all 
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t € U, P{z, t) = P{z, qt). The condition they found is the existence of an invertible matrix 
z i-A B{z,t) having coefficients in C(z), such that 

Yo{z,qt) = B{z,t)Yo{z,t), and Yoo{z,qt) = B{z,t)Yooiz,t). 

Moreover, the matrix B satisfies 

A{z,qt)B{z,t) = B{qz,t)A{z,t), 

which leads Jimbo and Sakai to the definition of the g-analogue of the sixth Painleve 
equation. 


Many objects that appear in the Galois theory of g-difference equations may be seen as 
g-analogues of the corresponding objects that appear in the Galois theory of differential 
equations. See |Ada291 IBez92[ IGarl2t IDrel4| IDE14| IDR.OHl IDSKn5| IDVn2| IGR.n4| IMZOOl 
IRam92| [RoqlH IR.S14| IR.SZ13[ IR.Zn2| ISauPOt Trj33 lvdPRf)7( IZhan2] . The convergence 


of 


of the operator when q goes to 1 leads to the study of the confluence 

these objects. Gonfluence of solutions of Fuchsian linear g'-difference systems has been 
considered in |SauOO] . Let us summarize the work of Sauloy. Gonsidering a convenient 
family of g-difference systems of the form 


aqY{z,q) = (I + (g - l)zA{z,q))Y{z,q), 

how do behave the solutions Yq, Tqo at z = 0 and z = oo, when g goes to 1? Gontrary to 
|JS96j . to construct the solutions Tq and Too the author of |SauOO) uses only functions 
that are meromorphic on C*, rather than multivalued functions. Assume that A{z,q) 
converges to A(z) in a convenient way. Under reasonable assumptions, Sauloy proves 
that the uni valued solutions yo,Too converge when g goes to 1 in a convenient way, 
to multivalued solutions of the linear differential system ^Y(z) = A{z)Y(z). Then, 
he obtains that the Birkhoff connexion matrix P{z,q) = Y^^{z,t)Yo{z,t) converges 
to a locally constant matrix P{z) when g goes to 1. In |SauOO] . it is shown that the 
monodromy matrices at the intermediates singularities (those different from 0 and oo) of 
the linear differential system ^T (z) = A{z)Y{z) can be expressed with the values of P{z). 


The main goal of this paper is the following. Gan we use the reasoning of Sauloy to 
study the behaviour when g goes to 1, of the Birkhoff connexion matrix that is involved 
in the definition of the g-analogue of the sixth Painleve equation? 


The paper is organized as follows. In ^ we make a reminder of the local study of 
Fuchsian linear g-difference equations. We introduce the meromorphic functions we will 
use to solve Fuchsian linear g-difference systems and we define the Birkhoff connexion 
matrix. In ^ we adapt the work of Jimbo and Sakai to a different situation and with 
using meromorphic solutions on C* rather than multivalued functions. In particular, we 
study in general isomonodromic deformation of Fuchsian linear g-difference systems. In 
^ we use the work of Sauloy to state a result of convergence of the Birkhoff connexion 
matrix when g goes to 1. See Theorem]^ Finally in ^ we apply this result to (0) the 
equation that leads the authors of |JS96] to the g-analogue of the sixth Painleve equation. 
Unfortunately, 0 does not behave very well when g goes to 1. In particular, we prove that 
the Birkhoff connexion matrix of © equals to the product of a Birkhoff connexion matrix 
of another system, that converges when g goes to 1, and matrices that do not behave well 
when g goes to 1, but that we might express explicitly. See Theorem 


‘Throughout the paper, we will use the word “confluence” to describe the g-degeneracy when g —>■ 1. 
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1. FuCHSIAN linear (^-DIFFERENCE SYSTEMS 

We are going to remind in this section how to solve Fuchsian linear g'-difference systems 
using meromorphic functions on C*. Let us fix g a complex number with |g| > 1. For 
R a ring and u E N*, let GL[/(i?) be the field of invertible v x v matrices in coefficients 
in R. Let us fix log, a determination of the logarithm over C, the Riemann surface of 
the logarithm. For a £ C, we are going to write g“ instead of For S' C M, let 

:= E S}. Let us consider the linear g-difference system of rank u E N*: 

(2) aqY{z) = R{z)A[z)Y{z), with R E C( 2 ;) \ {0}, A E GLj^ (C(^;)) . 

Let us assume that A has no poles at 0 and (X). Let us also assume that Aq := ^(0), (resp. 
Aoo := A((X))) is invertible. 

To solve Q, we are going to introduce three meromorphic functions on C*, 

OO 

e,(^) := i: = n (l - «■”-■) (l + (l + , 

nSZ n=0 

•= e^(i/i) with « e C*, and lq{z) := &q{z)~^z-^Qq{z). They satisfy the g- 
difference equations: 

• crq&q(z) = zOq(z). 

• — Iq Y 1. 

The theta function &q{z) is analytic on C* and has zeroes of order 1 in the g-spiral —g^. 
The function Aq^a has poles of order 1 in the g-spiral —aq^, and zeroes of order 1 in the 
g-spiral — g^. 

Let B be an invertible matrix with complex coefficients and consider now the decom¬ 
position in Jordan normal form B = P{DU)P~^, where D := Diag(dj) is diagonal, U is 
a unipotent upper triangular matrix with DU = UD, and P is an invertible matrix with 
complex coefficients. Following |Sau00) . we construct the matrix: 

Aq,B := P (Diag p-^ E GL^(c [iq, ) 

that satisfies: 

O'qAq^B = BAq^B = ^q,BB. 

Let b € C* and consider the corresponding matrix (6) E GLi(C). By construction, we 
have Aq^b = ^q,{b)- 

Let fio be the valuation of R (resp. fioo be the degree of R) et let ro (resp. Too) be the 
value of z~^°R at z = 0 (resp. z~^°°R at z = oo). Assume that the distinct eigenvalues of 
Aq (resp. Aoo) are distinct modulo g^. Let Cjz} be the ring of germs of analytic functions 
at z = 0. As we can see in |Sau00] . §1, there exist two invertible matrices with entries 
that are meromorphic on C*, solution of ([^, of the form 

Yq{z) = HQ{z)Aq,rqAqeq{zY\ 

Y^{z)=H^{z)Aq^r^A^eq{zr'-, 

where Hq{z), Hoc (-2^”^) £ GLiy(C{z}), and Hq (0) = Hoc (oo) = 1. 

Let oi,..., Om be the poles of A, (resp. 9i,... ,9u be the eigenvalues of Aq). From 
|Sau00] . §1, it follows that 

• Yq has its poles contained in the g-spirals —g^, —ro^ig^,..., —ro9,yq'^, and 
aig^>o,.. .,amq^>o. 

• has its poles contained in the g-spirals —g^, and aig^^o,..., 
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The BirkhofF connection matrix is defined by 

P{z) ■.= Y-\z)Yo{z). 

It satisfies aqP = P, i.e., the entries of P belong to the field of meromorphic functions 
over the torus C* \q^. This field can be identified with the field of elliptic functions. 
Therefore, the entries of P may be written in terms of theta functions. Note that it plays an 
analogue role to that of the monodromy matrices for differential equations. The entries of 
P are meromorphic on C* with poles contained in the g-spirals, —q^, —r^Oiq ^,..., —r^O^q^, 

CL\(l 5 • • ■ 5 OjyjiQ . 


2. Connection preserving deformation 

In this section, we are going to prove that under convenient assumptions, the work of 
Jimbo and Sakai, see ^ stay valid in a different situation and with using the meromorphic 
solutions of rather than multivalued functions. 

Following |,1S96] . we consider the linear ( 7 -difference system, 

(3) aqY{z,t) = R{z,t)A{z,t)Y{z,t), 

with 2 ; 1 -^ R{z,t) G C{z) \ {0} and 2 ; e-)- A{z,t) G GLj/(C( 2 ;)). Here t denotes a complex 
parameter belonging to U C C*, an open connected set that is stable under aq. Let us 
assume that: 

• For all t € U, the matrix A has no poles at 0 and 00 . Let us also assume that 
Ho := H(0,t), (resp. Hoo := A{oo,t)) is invertible, does not depend upon t, with 
distinct eigenvalues that are distinct modulo q^. 

• Each poles of 2 ; i-)- A{z, t) is proportional to t or does not depend upon t. 

• The valuation and the degree of R are independent of t. Let 7 x 9 be the valuation 
of R (resp. /ioo be the degree of R). Assume that ro(t) (resp. roo(t)), the value 
of z~^°R{z,t) at z = 0 (resp. z~^°° R{z,t) at z = 00 ) satisfies for all t ^ U, 
ro{qt) G ro(t)g^ (resp. roo{qt) G roo(t)g^). 

Let 

Yo{z,t) = HQ{zA)Kq^ro{t)AoQq{zY\ 

Y(yo{z,t) = Hoo(^T)-^q,roo(I)^oo®9(^)^°° ’ 

be the solutions of ([^ defined in ^ Let ai(t),..., am{t) be the poles of A{z, t). Without 
loss of generalities, we may assume the existence of integer mi, such that ai(t),..., 0^1 (t) 
are proportional to t and ..., am{t) do not depend upon t. Now, we are going 

to determine a necessary and sufficient condition so that, for all values of the parameter 
t G t/, the BirkhofF connection matrix P{z,t) := Y^^{z,t)Yo{z,t) is pseudo constant, that 
is for all t € U, 

P{z,t) = P{z,qt). 

The next proposition is analogous to 1,1896] . Proposition 2. 

Proposition 1. The Birkhoff connection matrix P is pseudo constant if and only if there 
exists z e-)- B{z,t) G GLy(fC{z)) such that 

YQ{z,qf) = B{z,t)Yo{z,t), and Yoo{z,qt) = B{z,t)Yoo{z,t). 

Moreover, in this case, B(z,t) has its poles in C* that are equal to ai{f),... ,ami{t), and 
we have 


( 4 ) 


A{z,qt)B{z,t) = B{qz,t)A{z,f). 
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Proof. The BirkhofF connection matrix P is pseudo constant if and only if 
B{z,t) := Yoo{z,qt)Yoo{z,t)~^ = Yo{z,qt)Yo{z,t)~^. 

Using the description of the poles of Yq and their construction, see ^ and 

the assumptions on ro(t), roo(t), we find that B{z,t) is meromorphic on 

C* and has its poles in C* that are equal to ai(t),..., ami(t)- The assumption 
we have made on ro(t)^o implies that, z i-A ^g,ro(gt)Ao^gX(t)Ao ^ GL^(C(z)). Sim¬ 
ilarly, z I-A e GLiy(C(z)). We remind that for all t G U, 

Hq (0, t) = Hoc (oo, t) = I. Hence, we find that, for all t € U, the matrix B is meromorphic 
at 2 ; = 0 (resp. the matrix B is meromorphic ai z = 00 ), since 

B{z,t) = HQ{z,qt)Ag^r^^gt^Ao^llo(t)Ao^o{z,t)-^ 

= ^oo{z,qt)Aqr^(gt)Aoa-^q^r^(t)A^^^(^'’^') 

Therefore, z i-A B{z,t) € GL,y{C{z)). The relation Q follows from 

Yo{qz,t) = A{z,t)Yo{z,t), and Yo{z,qt) = B{z,t)Yo{z,t)- 

□ 


3. Behaviour of the Birkhoff connection matrix when q goes to 1 

In this section, we see as a parameter. We are going to make the matrix A{z, t) of ^ 
depends upon q and see what is the behaviour of the Birkhoff connection matrix when q 
goes to 1. First of all, let us fix go £ C* with |go| > 1. Inspiriting from the ideas of Sauloy 
in |Sau00] . we are going to put g := q^ with s G M>o and make e goes to O'*'. For R a 
ring, let Mj^ (R) be the ring of u x u matrices with coefficients in R. Formally 6q := , 

converges to the derivation z-^ when g goes to 1. Then, it is natural to consider 
(5) 5qsY{z,t,s) = A{z,t,e)Y{z,t,£), with 2 ; i->-H( 2 ;, t, e) G Mj, (C(z)). 

Here, t belongs io U C C*, that is an open connected set which is for all e > 0 stable 
under cr^g. Let us assume that: 

• For all t € U, for all e > 0 sufficiently close to 0, the matrix A has no poles at 0 
and 00 . Let us also assume that Ho(e) := A(0,t,e), (resp. Aoo{£) := H(oo,t, e)) 
does not depend upon t and its Jordan normal form depends continuously upon e. 
Assume the existence of complex invertible matrices Qo{£),Qoa{A) with entries 
that are continuous in e, such that for all £ G M>o close to 0, the matrices 
Qo{£)Aq(£)Qq(£)~^ and Qoo(£)Aoo(e)Qoo(e)~^ are in Jordan normal form. 

• Each poles of 2 ; e-)- A(z, t, e) is proportional to t or does not depend upon t. 

Let ai{t,£),... ,am{t,£) be the poles of A{z,t,£). Let us also assume that 
ai(t, e),..., am{t, e) converge to t ..., 1 1 —)• afn{t) G C* when £ -A 0+. 

• For every t G U, for every compact subset of Pi(C) \ {ai(t),..., a^(t)}, we have 
the uniform convergence of A{z,t,£) to 2 ; e-s- A{z,t) G Yii, (C( 2 ;)) when e —)■ O'*'. 

• For all t G U, the differential system z-^Y{z,t) = A{z,t)Y{z,t) is Fuchsian on 
Pi(C) and has exponents at 0 and 00 which are non resonant, which means that 

of Aq := A{0,t) (resp. A^o ■= A{oo,t)) do not differ by a non zero 

• For all t G U, the complex numbers 

l,Ol(t), . . . , Q'm(^) 

are distinct modulo g®. 

^ Note that combined with the previous assumptions, this implies that for every e > 0 sufficiently small, 
the distinct eigenvalues of I + (qq — 1)j4o(£) (resp. I + (qq — l)Too(e)) are distinct modulo 


the eigenvalues 
integei]^ 
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Note that after choosing another complex number qq with |go| > Ij and taking another open 
connected set U, we always may reduce to the case where the last assumption is satisfied. 
Remark also that for every e sufficiently close to 0, (IM satisfies the same assumptions as 
(§ in f} Let ^ ^ 

yo(z, t, £) L ^)-^gQ,I+(qQ —1 )Ao(£) ) 

Yca{z,t, e) = Hcx){z,t, 

be the solutions of (|^ defined in ^ We would like to study the behaviour of the two 
solutions when e —)■ O"*". For A G M[/(C), we are going to write instead of In 

this situation, the work of Sauloy, see ISanOO] . §3, may be applied and we find: 

Proposition 2. (1) For all t £ U, there exists z i—)• HQ{z,t) G GLi,{C{z}), with 

LIo(0,t) = I such that L £)-^(jg,i+(ijg-i)Ao(£) converges uniformly to HQ{z,t)z"^° in ev¬ 
ery compact subset of 

“0,t •— ^ \ ) • ■ • ) CirriQo J ; 

when £ —;■ O"''. ^ ^ 

(2) For all t ^ U, there exists z eA F[oc{z, t) G GLi,(C{ 2 ;“^}), with Ffadoo, t) = I, such that 
lfociz,t,e)Age converges uniformly to F[^{z,t)z^°° in every compact subset 

of 

^oc,t ■■= C* \ {-g« ..., , 

when £ —)■ 0"'“. 

Let _ 

Yo{z,t) :=Ho{z,t)z^°, 

Yoc{z,t) := Hociz,t)z^°°, 

which are the solutions obtained via the Frobenius algorithm of 

z-^Y{z,t) = A{z,t)Y{z,t)- 

It follows that P{z,t,c:) converges uniformly to P{z,t) := Ycxi{z,t)~^Yo{z,t) in every com¬ 
pact subset of 

Ot := C* \ {-^0 joTg®,... ,a;ngo } > 

when £ —)• 0"*“. Moreover, the matrix P(z,t) is locally constant, since it is meromorphic 
and satisfies -^Piz, t) = 0. 



Figure 1. Domain of definition of z ^ P{z,t,s) (left), and 2 i-A- P{z,t) (right). 

Let So = 3m+i := —1. We remind that for all t € U, the complex numbers 
— 1, ai(t),..., afn{t) are distinct modulo g®. Let (j) be the bijection of {0,..., m -|- 1}, such 
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that (/)(0) = 0, (j){m + 1) = m +1, and for all t € U, a positive circle around z = 0 starting 
at z = —1 intersect the spirals • • •,S(^(m)(^)9o ™ order. For j G {0,..., m}, 

let Uj be the open connected subset of C* with border Note that 

the connected component of the domain of definition of P are the Uj with j G {0,..., m}. 
Let z i-A Pj{z,t) G GLi.(C) be the value of P in Uj. 

Theorem 3 (jS auOOj ■ §4). Let j G m}. The monodromy matrix of the linear 

differential equation z^Y{z,t) = A{z,t)Y{z,t) in the basis Yo{z,t) around the singular¬ 
ity a is (^Pj'^ Pj-i. 


4. Application to the ^-analogue of the sixth Painleve equation 


We begin this section, by reminding the work of Jimbo and Sakai, see |JS96| . in the 
framework of meromorphic functions on C*, rather than multivalued functions. Let us 
consider the 2x2 linear differential system that is relevant for the sixth Painleve equation: 

^Y{z,t) = A{z,t)Y{z,t), with A{z,t) := — H—H—1^. 
dz zz — Iz — t 

Here, t denotes a parameter that belongs to [/, an open connected subset of C*, and 

A-o, Ai,At are 2x2 complex matrices. Let us fix g a complex number with |gr| > 1, assume 

that U is stable under cjq. Let p = 1/q and Up := Following |JS96| . we consider the 

linear g-difference system. 


( 6 ) 


apY{z,t) 


(z - l)(z - f)(I + (p - l)zA{z,t))Y{z,f) 

{Ao{t) + Ai{t)z + (I + (p - 1 )^ 2 ) z‘^)Y{z,t) = A{z,t)Y{z,t). 


Moreover, let us assume that: 

• Ao(t) is diagonalizable and has eigenvalues, counted with multiplicity, t9i and t 02 - 
Therefore, there exists Bq G GL 2 (C), such that Ao(t) = tBQ. 

• For all t € U, Ai(t) is a complex 2x2 matrix. 


Ao := 


Kl 0 
0 K2 


• For all t G U, t 9 i,t 62 , (resp. 1 + (p — 1 + (p — 1 )^ 2 ) are equal or are distinct 

modulo 

• There exist oi,..., 04 G C* such that 


det(A(z,t)) = (1 + (p - 1)ki)(1 + (p - 1 )k 2 )(z - tai)(z - to 2 )(z - a 3 )(z - 04 ). 

Note that for p sufficiently close to 1 , (§ satisfies the same assumptions as (§ in ^and 
we may apply Proposition!^ Therefore, the Birkhoff connection matrix is pseudo constant 
if and only if we have the existence of a convenient matrix z 1 —)■ B(z,t) G GL 2 (C(z)) that 
satisfies properties described in Proposition]^ Moreover, B{z,t) has only simple poles 
that are equal to tai,ta 2 if oi 02 , (resp. B{z,t) has only a double pole that is equal to 
tai if oi = 02 ) and we have 

A{z,qt)B{z,t) = B{qz,t)A{z,t). 


The latter system leads Jimbo and Sakai to the definition of the g-analogue of the sixth 
Painleve equation. 


As in ^we would like to make ([^ depends upon q and see what is the behaviour of 
the Birkhoff connection matrix when q goes to 1. Unfortunately, (© does not degenerate 

*Note that this assumption is not present in the work of Jimbo and Sakai. The reason of this extra 
assumption is due to the fact that we will use the confluence results of |SauOO| in ^ that force us to 
consider g-difference systems that are not resonant. 
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very well when q goes to 1, due to the factor [z — l){z — t). Therefore, we are going to 
solve the factor {z — l){z — t) separately. As in il let us fix a complex number qo with 
\qo\ > 1. Put q := and let us make s G M>o goes to O"'' in the equation 


(7) 


crg-^Y{z,t,e) = (^1 + (qg = - l)zA{z,t)^ Y{z,tA)- 


Assume that t) = A{z^ t)Y{z^ t) has exponents at 0 and oo which are non resonant. 

Moreover, let us assume that for all t e U, — are distinct modulo q®, and U is 

stable under cr^g for every e G M>o. Note that for e sufficiently close to 0, Q satisfies the 
assumptions of ([^ in ^ Let 

YQ{z,t,e) = 

Y^{zA,e) = 

with z !-)■ Ho{z,tA) £ GL 2 (C{ 2 :}), z e-)- Hoo^Aa) £ GL^C{z“^}) 

and .ffo(0, t, e) = .ffoo(oo, t, e) = I be the solutions of W defined in ^ Let 
Yo{z,t),Yoo{z,t), be the solutions of ^Y{z,t) = A{z,t)Y{z,t) defined in isl Let 
P{z,tA) = Yao{z,t,£)~^YQ{z,t,s), be the Birkhoff connection matrix of Q . Due to Propo¬ 
sition]^ for all t G U, we have the uniform convergence of P{z, t, e) to the locally constant 
matrix P{z,t) = Yoc{z,t)~^YQ{z,t) in every compact subset of 

fit := C* \ {-qg ,qo ,tqo } 

when e —)• O'*". Moreover, Theorem |^i 


( 8 ) 


may be applied, and the values of P(z, t) in the con¬ 
nected component of its domain of definition allow us to recover the monodromy matrices 
at the singularities z = 1 and z = t of ^Y{z,t) = A{z,t)Y{z,t). 

Remark 4. Note that P is also a Birkhoff connexion matrix of 

o'q-eY{z,t,£) = {z-l){z-t){l + {q^^-l)zA{z,t))Y{z,t,e) 

= (tBo{e) + Ai{t,£)z+ (l-h (qg"^ - 1)^2) Y{z,tA)- 

Unfortunately, P is different to Q, the Birkhoff connexion matrix of (§ , that is defined 
in ^ To simplify the notations, from now, we are going to write q instead of qg and 
p = Ijq instead of q,^^. The goal of what follows is to prove the following theorem: 

Theorem 5. The Birkhoff eonneetion matrix Q{z,t,£) of 0 that is defined in ^ equals 
to 

.— ^ N-i 


(9) 


0q(- 






Furthermore, the Birkhoff eonneetion matrix Q{z, t, e) is pseudo eonstant if and only if 
P{z,qt,£) = -P{z,t,£)ffBo{£). 

Before proving the theorem, let us sate and prove a lemma. 

Lemma 6. Let a G C*\|—q^j. Let yafi,ya,oo, be the two solutions ofapy{z) = {z—a)y{z) 
deseribed in Then, we have 

00 / 

n d - “ 

0 <?(^) 


Vafl • — 


n 

n=0 


1 _ g J 0 

a ' 


) 2 / 0,00 •— 


n 

n=0 


qz 


Qq{qz) 
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and 


CXJ 

ya^ocVafl = n (l “ 9 


—n—1 


n=0 


Qq{z)eq{qz) 

®-? (^) 


Proof of Lemma\^ First of all, note that (Tpy{z) = {z — a)y{z) is equivalent to 
aqy = qj_^ y- Therefore, there exist h(}{z) G Cjz}, and hoc (z) G C{^“^} with 
ho (0) = hoc (oo) = 1 such that 

_ ho{z)eq{z) 

y-fi- e^{-az) ’ "" Qqiqz)- 

The function ho is solution of Ug (Jioj = ^ -p'^o- Since ho{0) = 1, we have 


n=0 


-1 


Similarly, Ug (fioo'^ = ^ _ ^ hoo and 

qz 


hoc — ( 1 Q 


n=0 


a 


qz 


We now use the Jacobi triple product formula 


0 « 


-qz 

a 


OO 


—n—1 


n=0 


l-q 


a 


1-q- 


a 


qz 


to deduce that 


n=0 


-1 


-1 


□ 


This completes the proof. 

Proof of Theorem^ Let Wo{z,t,s),Woo{z,t,s) be the solutions of Q that are defined 
in ^ Since Q is equivalent to 


aqY{z, t, e) = (tBo{e) + ^i(t, e)qz + (I + (p - 1 )^ 2 ) Y{z, t, e). 


we find 


Wo{z,t,e) = Fo( 2 ;,t,e)A^^j_ig-i(^), 

Wao{z,t,e) = ^00(2:, t, , 

with z !-)■ Fo{z,t,e) G GL 2 (C{ 2 }), 2 ; i-A Foo{z,t,e) G GL 2 (C{ 2 “^}) and 

Fo{0,t,s) = Foo{oo,t,e) = I. Using Lemmawe find 

-1 0g(“^)0ij(“^^)^g,t-is-i(£) 


Wo{z,t,e) = yi,o{z,e)yt,o{z,t,e)Yo{z,t,£) [\B-\e)) 


and 


0 g( 2 )^ 


Woo{z,t,e) = ?/i,oo(^,e)2/Loo(^,Le)>"oo(^,t,£) (Ag,(i+(p_i)^ 2 )-i) 

= 2/1,00(2;, £)yt,oc{z, t, £)Yociz, t, £)q^ (I + (p - 1 )^ 2 )“^ . 

We now apply Lemma to prove that the Birkhoff connection matrix 

Q{z,t,£) = Wf^^{z,t,£)Wo{z,t,£) equals to 


n=0 


%{qz? 




(I + (p - 1 )^ 2 )^ P{z, t, e) {a^^b-Hs)) 


-1 
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This proves To conclude the proof of the theorem, we just have to show 

that the Birkhoff connection matrix Q{z, t, e) is pseudo constant if and only if 
P{z, qt, s) = —P{z, t, We use ([^ to deduce that the Birkhoff connection matrix 

Q{z, t, e) is pseudo constant if and only if 


P{z, qt, e)Ag P{z, t, 




0 , 


(T) 


This is equivalent P{z,qt,e) = —P{z,t,e)t‘^BQ{e), which proves the result. 


□ 


Remark 7. Instead of the Birkhoff connexion matrix, following |Saul5] . one could prefer to 
study the behaviour of the matrix Foo{z, t, £)~^Fo{z, t, e). Applying Proposition]^ we find 
that for all t G U, there exist z eA HQ{z,t) G GL 2 (C{ 2 ;}), z e-)- Haoiz,t) G GL 2 (C{z“^}), 
with iJo(0,t) = Hoo{oo,t) = I such that Hoo{z,t,£)~^Ho{z,t,e) converges uniformly to 
Hoo{z,t)~^Ho{z,t) in every compact subset of kit when e —O"''. Moreover as we can see 
in the proof of Lemma we obtain that 


Foo(z,t,e) ^Fo{z,t,e) 


ngLo(i-g--^)^ 

e,{-9^)e,(T) 


Hoo{z,t,£) ^Ho{z,t,e). 
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